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Introduction 

Suppose that G is a sheaf of groups on a space X and that C X is an open 
covering. Then a cocycle for the covering is traditionally defined to be a family 
of elements gap G G(Ua n Up) such that gaa — e and gapgp-y — da-y when all 
elements are restricted to the group G{Ua^UpfMJ-y). 

A more compact way of saying this is to assert that such a cocycle is a 
map of simplicial sheaves C{U) — > BG on the space X, where C{U) is the Cech 
resolution associated to the covering family {Ua}. The canonical map G{U) — > * 
is a local weak equivalence of simplicial sheaves, and is a fibration in each section 
since C{U) is actually the nerve of a groupoid — the map C{U) ^ * is therefore 
a hypercover, which is most properly defined to be a map of simplicial sheaves 
(or presheaves) which is a Kan fibration and a weak equivalence in each stalk. 
Every cocycle in the traditional sense therefore determines a picture of simplicial 
sheaf morphisms 

* ^ C{U) BG. 

where the canonical map C{U) — > * is a hypercover. 

More generally, it has been known for a long time [HI, [El that the locally 
fibrant simplicial sheaves (ie. simplicial sheaves which are Kan complexes in 
each stalk) have a partial homotopy theory which is good enough to give a 
calculus of fractions approach to formally inverting local weak equivalences, and 
thereby giving a construction of the homotopy category for simplicial sheaves. 
Specifically, one defines morphisms [X, Y] in the homotopy category by setting 

lim (1) 

[tt]:V^X 

where the filtered colimit is indexed over simplicial homotopy classes of hyper- 
covers TT : V X, and 7r(V, Y) denotes simplicial homotopy classes of maps 
y — > y. Thus, morphisms in the homotopy category are represented by pictures 

X ^Y, (2) 
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where tt is a hypercover. The relation ^ is usually called the Generalized 
Verdier Hypercovering Theorem, and it is the historical starting point for the 
homotopy theory of simplicial sheaves. 

Much has transpired in the intervening years. We now know that there 
is a plethora of Quillen model structures for simplicial sheaves and simplicial 
presheaves on all small Grothendieck sites ^Jj , all of which determine the same 
homotopy category. In the first of these structures |17| . |7], the monomorphisms 
are the cofibrations and the weak equivalences are the local weak equivalences 
(ie. stalkwise weak equivalences in the presence of enough stalks), and then the 
homotopy categories for simplicial sheaves and presheaves (which are equivalent) 
are constructed by methods introduced by Quillen. The morphisms [X, Y] in 
the homotopy category of simplicial sheaves coincide with those specified by 
if X and Y are locally fibrant. These basic model structures also inherit many 
of the good properties from simplicial sets, including right properness, which 
means that weak equivalences are stable under puUback along fibrations. Weak 
equivalences of simplicial presheaves and sheaves are also closed under finite 
products, essentially because the same statement holds for simplicial sets. 

One still needs a cocycle or hypercover theory, because it is involved in 
the proofs of many of the standard homotopy classification theorems for sheaf 
cohomology, such as the identification of sheaf cohomology with morphisms 
[*, K{A, n)] in the homotopy category. It turns out, however, that the traditional 
requirement that the map tt in should be something like a fibration in formal 
manipulations based on the generalized Verdier hypercover theorem is usually 
quite awkward in practice. This has been especially apparent in all attempts to 
convert n-types to more algebraic objects. 

The basic point of this paper is that there is a better approach to defining 
and manipulating cocycles, which essentially starts with removing the fibration 
condition on weak equivalence tt in jSJ- 

A cocycle from X to F is defined in this paper to be a pair of maps 

X J- Z ^Y (3) 

where / is a weak equivalence. A morphism of cocycles is the obvious thing, 
namely a commutative diagram 




The cocycle category is denoted by H{X, Y). Then the basic point is this: there 
is an obvious function 

^:7roH{X,Y)^[X,Y] 

defined by sending the cocycle Q to the morphism gf^^ in the homotopy cat- 
egory. Then Theorem|5]of this paper implies that this function is a bijection. 
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Cocycle categories and the function (j) are defined in great generality. The 
fact that is a bijection (Theorem holds in the rather common setting of a 
right proper closed model structure in which weak equivalences are preserved 
by finite products. The formal definition of cocycle categories and their basic 
properties appear in the first section of this paper. The overall theory is rather 
easy to demonstrate. 

The subsequent sections of this paper are taken up with a tour of the ap- 
plications of this theory. Some of these applications are well known, and are 
given here with simple new proofs. This general approach to cocycles is also 
implicated in several recent results in non-abclian cohomology theory, which are 
displayed here. 

Section 2 gives a quick (and hypercover-free) demonstration of the homotopy 
classification theorem for G-torsors for a sheaf of groups G — this is Theorem 

It is also shown that the ideas behind the proof of Theorem [3 admit great 
generalization: examples include the definition and homotopy classification of 
torsors for a presheaf of categories enriched in simplicial sets (Theorem O, the 
explicit construction of the stack completion of a sheaf of groupoids given in 
Section 2.3, and the calculation of the morphism set [*, holirn GX] for a diagram 
X of simplicial presheaves defined on a presheaf of groupoids G in Theorem [7| 

Section 3 gives a new demonstration of homotopy classification theorem for 
abelian sheaf cohomology fCorollarv lll|l . Section 4 gives a new description of 
the homotopy classification theorem for group extensions in terms of cocycles 
taking values in 2-groupoids (Theorem and in Section 5 we discuss but do 
not prove a classification theorem for gerbes up to local equivalence as path 
components of a suitable cocycle category. This last result is Theorem II 31 — it 
is proved in JHl ■ The cocycles appearing in the proofs of Theorems El and 
El are canonically defined. 

1 Cocycles 

Suppose that M is a, right proper closed model category, and suppose further 
that that the weak equivalences of M. are closed under finite products. 

The assertion that 7W is a closed model category means that M has all finite 
limits and colimits (CMl), and that the class of morphisms of contain three 
subclasses, namely weak equivalences, fibrations and cofibrations which satisfy 
some properties. These properties include the two of three condition for weak 
equivalences (CM2: if any two of the maps /, g or g • / are weak equivalences, 
then so is the third), the requirement that all three classes of maps are closed 
under retraction (CMS), and the factorization axiom (CMS) which asserts 
that any map / has factorizations f ^ qj = pi where g is a trivial fibration 
and j is a cofibration, and p is a fibration and z is a trivial cofibration. Note, 
for example, that a trivial fibration is a fibration and a weak equivalence — 
"trivial" things are always weak equivalences. Finally, M should satisfy the 
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lifting axiom (CM4) which says that in any solid arrow diagram 




where p is a fibration and i is a cofibration, the dotted arrow exists making the 
diagram commute if either i or p is trivial. 

A model category M is said to be right proper if weak equivalences are 
closed under puUback along fibrations. 

Not every model category is right proper, but right proper model structures 
are fairly common: examples include topological spaces, simplicial sets, spectra, 
simplicial presheaves, presheaves of spectra, and certain "good" localizations 
such as the motivic and motivic stable model categories. In all of these examples 
as well, weak equivalences are closed under finite products, meaning that if 
f : X ^ Y is a weak equivalence and Z is any other object, then the map 
fxl: XxZ^YxZ is a weak equivalence. 

Suppose that X and Y are objects of M. Let H{X,Y) be the category 
whose objects are all pairs of maps (/, g) 

X J- Z -^Y 



such that / is a weak equivalence. A morphism a 
is a commutative diagram 




f Z' 



H{X, Y) is the category of cocycles from X to Y. 

Example 1. Suppose that * is a sheaf cpimorphism (possibly arising 

from a covering) and that G is a sheaf of groups. Traditional cocycles for the 
underlying site with coefficients in G can be interpreted as simplicial sheaf maps 

* ^ C{V) BG, 



where C{V) is the Cech resolution for the cover, and the canonical map G{V) 
* is a local weak equivalence of simplicial sheaves. All cocycles of this type there- 
fore represent objects of the cocycle category H{*,BG) in simplicial sheaves. 
This is a motivating example for the present definition of a cocycle. 

More generally, it has been known for some time ^ that morphisms X Y 
in the homotopy category of simplicial sheaves can be represented by pairs of 
morphisms 

X ^Y 
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where tt is a hypercover, or locally trivial fibration. This is provided that X 
and Y are locally fibrant. Such pictures are members of the cocycle category 
H{X, Y) in simplicial sheaves. 

Generally, write TroH{X,Y) for the class of path components of H{X,Y), 
and write [X, Y] for the set of morphisms from X to y in the homotopy category 
Ho(7W) of A^. Recall that B.o{M.) is constructed from by formally inverting 
the weak equivalences. Then one sees that there is a function 



which is defined by (/, g) 



i):TToHiX,Y) 



Theorem 2. Suppose that A4 is a right proper closed model category for which 
the class of weak equivalences is closed under finite products. Then the function 
4> : n()H{X, Y) [X, Y] is a bijection for all X and Y . 



Suppose that the maps f,g:X 
commutative diagram 



Y are left homotopic. Then there is a 




for some choice of cylinder object X I, in which s is a weak equivalence and 
h is the homotopy. Then there are morphisms 

{lxj)^{s,h)^{lx,g) 

in H(X,Y), so that (Ix,/) and {lx,g) are in the same path component of 
H{X,Y). It follows that the assignment / [(Ix,/)] defines a function 

^■.niX,Y) ^7:oH{X,Y) 

where tt{X, Y) denotes left homotopy classes of maps from X to Y. 
Theorem 121 is a formal consequence of the following two results: 

Lemma 3. Suppose that a : X ^ X' and (3 : Y —t Y' are weak equivalences. 
Then the induced function 

{a, P), : TToHiX, Y) 7roi?(X', Y') 

is a bijection. 

Lemma 4. Suppose that X is cofibrant and Y is fibrant. Then the function 

^■.7roH{X,Y)^[X,Y] 

is a bijection. 
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Proof of Lemma\^ Identify the object (/, g) £ H{X',Y') with a map (/, 5) 
Z ^ X' X Y' oi A4 such that / is a weak equivalence. 
There is a factorization 



W 




X' X ¥' 

such that j is a trivial cofibration and {px',PY') is a fibration. Observe that 
px' is a weak equivalence. 
Form the puUback 



(ax/3). 



W 



X xY ■ 



axfi 



X' X Y' 



Then (p^ciPy) is a fibration and (a x is a weak equivalence. The map p^c 
is also a weak equivalence. 

The assignment (/, 5) 1-^ (p^fjPy) defines a function 



which is inverse to (a,/3)* 



□ 



Proof of Lemma^ The canonical function t:{X, Y) [X, Y] is a bijection since 
X is cofibrant and Y is fibrant, and there is a commutative diagram 



[X,Y] 



It suffices to show that ip is surjective, or that any object X ^ Z Y is 

the pa 
diagram 



1 

in the path component of some a pair X <— X Y for some map k. Form the 



x: 



V 



Y 



where j is a trivial cofibration and p is a fibration; the map 9 exists because Y 
is fibrant. The object X is cofibrant, so the trivial fibration p has a section a, 
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and there is a commutative diagram 




The composite 9u is the required map k. 



□ 



2 Torsors 

2.1 Torsors for sheaves of groups 

Suppose that G is a sheaf of groups on a small Grothendieck site C. 

A G-torsor is usually defined to be a sheaf X with a free G-action such that 
the map X/G — > * is an isomorphism in the sheaf category. 

The G-action on X is free if and only if the the canonical simplicial sheaf 
map EG X — > X/G is a local weak equivalence. One sees this by noting 
that the fundamental groups of the Borel construction EG Xq X are isotropy 
subgroups for the G-action. Further, EG Xq X is the nerve of a groupoid so 
there are no higher homotopy groups. 

It follows that a sheaf X with G-action is a G-torsor if and only if the 
canonical simplicial sheaf map EG x g X ^ * is a local weak equivalence. Write 
G — Tors for the groupoid of G-torsors and G-equivariant maps. 

Suppose given a cocycle 

^BG 

in the category of simplicial sheaves. Form puUback 



MY) 



Y 



(4) 



EG- 



BG 



Then the simplicial sheaf pb(y) inherits a G-action from the G-action on EG, 
and the induced map EG x Gpb(y ) — > F is a weak equivalence. The square Q is 
locally homotopy cartesian, and it follows that the map pb(y) 7ropb(F) is a 
G-equivariant weak equivalence. Here, ttq pb(l^) is the sheaf of path components 
of the simplicial sheaf pb(y), in this case identified with a constant simplicial 
sheaf. 

It follows that the maps 

EG XG^^aphiY) ^ EG XgvHY) ~* 
are weak equivalences, so that ■7ropb(y) is a G-torsor. A functor 

H{*, BG) ^ G - Tors (5) 
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is therefore defined by sending the cocycle * < — Y ^ BG to the torsor ttq pb(y). 
A functor 

G -Tors ^ H{*,BG) (6) 

is defined by sending a G-torsor X to the cocycle * ^ EG Xq X ^ BG. 

Theorem 5. Suppose that C is a small Grothendieck site, and that G is a sheaf 
of groups on C. Then the functors and |^ induce bijections 

[*,BG] ='KoH{*,BG) =7ro(G-Tors) = H\C,G). 

Proof. The functors and (0 induce functions ttqH{*, BG) — > 7ro(G — Tors) 
and 7ro(G — Tors) — > Trp-ff (*, BG) which are inverse to each other. To see this, 
there are two statements to verify, only one of which is non-trivial. 
To show that the composite 

7ro(G - Tors) ^ 7roiJ(*, G) ^ 7ro(G - Tors) 

is the identity, one uses the fact that the diagram 

X ^EG xgX 



* ^BG 

is locally homotopy cartesian for each G-sheaf X. This is a consequence of 
Quillen's Theorem B gl IV.5.2]. □ 

The identification of the non-abelian cohomology invariant H^{C,G) with 
morphisms [*,BG] in the homotopy category of simplicial sheaves of Theorem 
Isjis, at this writing, almost twenty years old (S]. Unlike the original proof, the 
demonstration given here contains no references to hypercovers or pro objects. 

2.2 Diagrams and torsors 

There is a local model structure for simplicial presheaves on a small site C which 
is Quillen equivalent to the local model structure for simplicial sheaves [7| — this 
has also been known for some time. Just recently ^21) it has been shown that 
both the torsor concept and the homotopy classification result Theorem|5ladmit 
substantial generalizations, to the context of diagrams of simplicial presheaves 
defined on presheaves of categories enriched in simplicial sets. 

To explain a little, when I say that A is a presheaf of categories enriched in 
simplicial sets I mean the standard thing, that A consists of a presheaf Oh{A) 
and a simplicial presheaf Mor(yl), together with source and target maps s,t : 
Mot{A) Oh{A), a map e : Oh{A) Mor(A) which is a section for both s 
and t, and an associative law of composition 

Mor(A) Xt,s Mor(A) ^ Mor(A) 
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for which the map e is a two-sided identity. Here, the simphcial presheaf 
Mor(A) Xt.s Mor{A) is defined by the puUback 



Mor{A) Xt,s Mor(A) ^ Mor(A) 



Mor(A) ^ Ob(^) 



and describes composable pairs of morphisms in A. To say it a different way, A 
is a category object in simphcial presheaves with simplicially discrete objects. 

An A-diagram X (expressed internally [Tl, p. 325], j20i p. 240]) consists of a 
simphcial presheaf map tt : X ^ Ob (A), together with an action 



Mor(A) Xs^^X 



Mor(A) 



X 



(7) 



■ Oh{A) 



of the morphism object Mor(A) which is associative and respects identities. 

The proof of Theorem uses Quillen's Theorem B, which can be interpreted 
as saying that ifY : I —>■ sSet is an ordinary diagram of simphcial sets defined on 
a small category / such that every morphism i — > j induces a weak equivalence 
Yi ^ Yj, then the puUback diagram 



Y 



■ holim/F 



Ob(/) 



BI 



ieOh{I) 



Yi. This result automati- 



is homotopy cartesian. Here, we write ^ = JJ 

cally holds when the index category / is a groupoid, but for more general index 
categories we have to be more careful. 

Say that Y : I sSet is a diagram of equivalences if all induced maps Yi 
Yj are weak equivalences of simphcial sets, and observe that this is equivalent 
to the requirement that the corresponding action 



Mor(/) Xs,^Y 



Mor(/) 



Y 



■ Ob(/) 



is homotopy cartesian. This is the formulation that works in general: given a 
presheaf of categories A enriched in simphcial sets, I say that an A-diagram X 
is a diagram of equivalences if the action diagram lO is homotopy cartesian for 
the local model structure on simphcial presheaves. 
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The Borel construction EG XqZ for a sheaf (or presheaf ) Z having an action 
by a sheaf of groups G is the homotopy cohmit for the action, thought of as a 
diagram defined on G. In general, say that an A-diagram X is an A-torsor if 

1) X is a diagram of equivalences, and 

2) the canonical map holim aX ^ * is a local weak equivalence. 

A map X — > y of yl-torsors is just a natural transformation, meaning a simplicial 
presheaf map 



X 




Y 



Ob(A) 

over Ob(A) which respects actions in the obvious sense. Write A — Tors for the 
corresponding category of A-torsors. This category of torsors is not a groupoid 
in general, but one can show that every map of A-torsors is a local weak equiv- 
alence. 

Now here's the theorem: 

Theorem 6. Suppose that A is a presheaf of categories enriched on simplicial 
sets on a small Grothendieck site C. Then the homotopy colimit functor induces 
a bijection 

TToiA - Tors) = 7raH{*,BA) = [*,BA]. 

This result is proved in by a method which generalizes the proof of 
Theorem |S| This same collection of ideas is also strongly implicated in the 
homotopy invariance results for stack cohomology which appear in \V2\ . 

The definition of A-torsor and the homotopy classification result Theorem^ 
have analogues in localized model categories of simplicial presheaves, provided 
that those model structures are right proper (so that Theorem 12 applies). This 
is proved in The motivic model category of Morel and Voevodsky |23 is 
an example of a localized model structure for which this result holds. 

2.3 Stack completion 

The overall technique displayed in this section specializes to give an explicit 
model for the stack associated to a sheaf of groupoids H — see . In general, 
the stack associated to H has global sections with objects given by the "dis- 
crete" if-torsors. A discrete i?-torsor is a if-torsor X as above, with the extra 
requirement that X is simplicially constant on a sheaf of vertices; alternatively, 
one could say that X is a _ff-functor taking values in sheaves such that the map 
holirn jjX — > * is a weak equivalence. This construction of the stack associated 
to iJ is a direct generalization of the classical observation that the groupoid of 
G-torsors forms the stack associated to a sheaf of groups G. 
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2.4 Homotopy colimits 

Suppose that G is a presheaf of groupoids. 

Write s Pre(C)'^ for the category of G-diagrams in simpUcial presheaves, de- 
fined for G — A a.s above. Following ^21) this category of G-diagrams has an 
injective model structure for which the weak equivalences (respectively cofibra- 
tions) are those maps of G-diagrams 



X 




Y 



Ob(G) 

for which the simplicial presheaf map f : X Y is a. local weak equivalence 
(respectively cofibration) . 

Write sPre{C) / BG for the category of simplicial presheaf maps X BG, 
with morphisms 



X 




Y 



BG 



In a standard way, this category inherits a model structure from simplicial 
presheaves, for which a map as above is a weak equivalence (respectively cofi- 
bration, fibration) if and only if the simplicial presheaf map g : X ^ Y is a 
local weak equivalence (respectively cofibration, global fibration) of simplicial 
presheaves. 

The homotopy colimit construction defines a functor 

hohm G ■■ sPre(C)° sPre{C)/BG. 

Since G is a presheaf of groupoids, this functor has a left adjoint 

pb : sPTe{C)/BG ^ sPre(C)°, 

which is defined at X ^ BG in sections for [/ G C by pulling back the map 
X{U) BG{U) over the canonical maps BG{U)/x BG{U). The functor 
pb preserves cofibrations and weak equivalences (this by Quillen's Theorem B), 
but more is true: the functors pb and holini q define a Quillen equivalence 

pb : sPre(C)/BG sPre(C)'^ : hohm g 
relating the model structures for these categories. This result is Lemma 18 of 

ini- 

Suppose now that X is a fixed G-diagram in simplicial presheaves, and write 
G — Toys/ X for the category with objects consisting of G-diagram morphisms 
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A ^ X with A a G-torsor. The morphisms of G — Tors/X are commutative 
diagrams 

e X 
B 

of morphisms of G-diagrams. One can show that the map must be a weak 
equivalence of G-diagrams in aU such pictures. The homotopy cohmit functor 
defines a functor 

hohm c : G- Tors/X ^ ff(*,holimG^) 

in an essentially obvious way: the G-diagram map A ^ X taken to the cocycle 

* ^ holirn g-^ ~* holirn ^X. 

On the other hand, given a cocycle * Y ^ holini gX the adjoint pb(F) X 
is an object of G — Tors/X, so the adjunction defines a functor 

pb : iJ(x=,holimGX) ^ G - Tors/X. 

These functors are adjoint and therefore define inverse functions in path com- 
ponents, so we have the following: 

Theorem 7. Suppose that G is a presheaf of groupoids and that X is a G- 
diagram in simplicial presheaves. Then there are natural bijections 

7ro(G - Tors/X) = Trpgf*, holini gX) ^ holini gX]. 

The identification of 7roiJ(*, holini cX) with morphisms holini gX] in the 
homotopy category of simplicial presheaves in the statement of Theorem is a 
consequence of Theorem |2J 

Theorem 13 is a generalization of Theorem 16 of 10 , which deals with the 
case where G is a sheaf of groups and X is a sheaf (ie. constant simplicial sheaf) 
with G-action. 

Example 8. Let et\s be the etale site for a scheme S, and suppose that G is 
a discrete group acting by permutations on a torus G^" defined over S (more 
concretely, think of the action of the Weyl group on a maximal torus in an 
algebraic group). The classifying object B{G k G^") is weakly equivalent to 
the homotopy colimit EG i?(St G™)^", where St Gm is the stack completion 
for the multiplicative group G,„ . The presheaf of groupoids St Gm is equivalent 
to the groupoid of line bundles in each section. It follows from Theorem |3 that 
every torsor for the group G k G^" can be identified with a choice of family of line 
bundles Ljj — (Li, L2, ■ ■ ■ , Ln), one for each element J7 ^ S* of an etale covering 
family for S, together with group elements guy £ G inducing permutation 
isomorphisms Ljjlunv — Lv\unv, where the group elements gu,v £ G form a 
cocycle G{U) BG defined on the Cech resolution associated to the covering 
family f/ — > S*. 
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3 Abelian sheaf cohomology 



Suppose that ^ is a sheaf of abehan groups, and let ^ — > J be an injective 
resolution of A, thought of as a Z-graded chain complex and concentrated in 
negative degrees. Identify A with a chain complex concentrated in degree 0, 
and consider the shifted chain map A[— n] J[~n]. Observe that A[— ri] is the 
chain complex consisting of A concentrated in degree n. Recall that K{A, n) = 
TA[—n] defines the Eilenberg-Mac Lane sheaf associated to A, where F : Ch+ 
sAh is the functor appearing in the Dold-Kan correspondence. Let K{J,n) = 
TT{J[—n]) where T{J[—n]) is the good truncation of J[— jt.] in non-negative 
degrees. In particular, T(J[— n])o is the kernel of the boundary map J_„ 

J-n-l- 

As usual, write ZX for the free simplicial abelian group on a simplicial set 
X, and write NA for the normalized chain complex of a simplicial abelian group 
A. Write Trch{C,D) for chain classes of maps between presheaves of Z-graded 
chain complexes C and D. 

Lemma 9. Every local weak equivalence of simplicial presheaves f : X ^ Y 
induces an isomorphism 

TT,h{NZY, J[~n]) ^ TT^hiNZX, J[-n]) 
in chain homotopy classes for all n > 0. 

Proof. Starting with the third quadrant bicomplex hom(ZXp, J'^) one constructs 
a spectral sequence 

E^''^ = Ext«(iJp(X), A) ^ 7:,h{NZX, J[-p - q]) 

(see 0). The map / induces a homology sheaf isomorphism N'ZX NZY, 
and then a comparison of spectral sequences gives the desired result. □ 

Recall that the category of C°P-dia grams in simplicial sets has a projective 
model structure for which the fibrations (respectively weak equivalences) are the 
maps f : X ^ Y which are defined sectionwise (aka. pointwise) in the sense 
that each map / : X{U) Y{U), U G Ob(C) is a fibration (respectively weak 
equivalence) of simplicial sets. 

If two chain maps f,g : NJjX J[~n\ are chain homotopic, then the 
corresponding maps f^,g^ : X K{ J,n) are right homotopic in the projective 
model structure for C°^-diagrams. Choose a sectionwise trivial fibration tt : 
W ^ X such that W is projective cofibrant. Then /,7r is left homotopic to 
(7*7r for some choice of cylinder object / for W, again in the projective 
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structure. This means that there is a diagram 




where the maps s, io, ii are all part of the cylinder object structure for W I, 
and are sectionwise weak equivalences. It follows that 

(1, /*) - (tt, /^tt) - (tts, h) - (tt, g^n) - (1, g^) 

in TToH{X, K{J,n)), where H{X, K{J,n)) is a cocycle category for the local 
model structure on simplicial presheaves. It follows that there is a well defined 
abelian group homomorphism 

(j) : TTchiNZX, J[-n]) ^ ttoH{X, K{J, n)). 

This map is natural in simplicial presheaves X. 

Lemma 10. The map (f> is an isomorphism. 

Proof. Suppose that X Z K{J, n) is an object oiH{X, K{J, n)). The map 
/ is a local weak equivalence, so by Lemma El there is a unique chain homotopy 
class [v] : NI^X J[—n] such that [t;*/] = [g]. This chain homotopy class [v] 
is independent of the choice of representative for the component of (/, g) . We 
therefore have a well defined function 

: TToHiX, K{ J, n)) Tr,h{NZX, J[-n]). 

The composites ip ■ (j) and • ip are identity morphisms. □ 

Corollary 11. Suppose that A is a sheaf of abelian groups on C, and let A ^ J 

he an injective resolution of A in the category of abelian sheaves. 

1) Let X be a simplicial presheaf on C. Then there is a natural isomorphism 

7rchiNZX,J[-n]) = [X,K{A,n)]. 

2) There is a natural isomorphism 

W\C,A)^[*,KiA,n)]. 

relating sheaf cohomology to morphisms in the homotopy category of sim- 
plicial presheaves (or sheaves). 

Proof. This result is a consequence of Theorem |2 and Lemma ^1 Observe that 
the map K{A,n) — > K{J,n) is a local weak equivalence. 

The second statement is a consequence of the first, and arises from the case 
where X is the terminal simplicial presheaf □ 
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4 Group extensions and 2-groupoids 



In this section we shall see that group extensions can be classified by path 
components of cocycles in 2-groupoids, by a very simple argument. 

This is subject to knowing a few things about 2-groupoids and their homo- 
topy theory. Recall that a 2-groupoid _ff is a groupoid enriched in groupoids. 
Equivalcntly, _ff is a groupoid enriched in simplicial sets such that all simplicial 
sets of morphisms H{x, y) are nerves of groupoids. The object H is, in par- 
ticular, a simplicial groupoid, and therefore has a bisimplicial nerve BH with 
associated diagonal simplicial set dBH . 

One says that a map G — > of 2-groupoids is a weak equivalence if it 
induces a weak equivalence of simplicial sets dBG dBH . There is a natural 
weak equivalence of simplicial sets 

dBH ~ WH 

relating dBH to the space of universal cocycles WH ^ V.7], Jjj, so that G 
H is a weak equivalence of 2-groupoids if and only if the induced map WG 
WH is a weak equivalence of simplicial sets. One can also show that a map G 
H isa weak equivalence if and only if it induces an isomorphism ttoGq — t^oHq of 
path components, and a weak equivalence of groupoids G{x, y) — s- H(f{x), f{y)) 
for all objects x,y of G. Here, Go is the groupoid of 0-cells and 1-cells of G, or 
equivalently the groupoid in simplicial degree for the corresponding groupoid 
enriched in simplicial sets. 

The weak equivalences of 2-groupoids are part of a general picture: there is 
a model structure on groupoids enriched in simplicial sets, due to Dwyer and 
Kan (see 01 V.7. 6, V.7.8]), for which a map / : G — *■ is a weak equivalence 
(respectively fibration) if and only if the induced map /, : WG — + WH is a weak 
equivalence (respectively fibration) of simplicial sets. This model structure is 
Quillen equivalent to the standard model structure for simplicial sets 0| V.7. 11]. 
The model structure for groupoids enriched in simplicial sets restricts to a model 
structure for 2-groupoids, having the same definitions of fibration and weak 
equivalence ^Hli and it is easy to see that both model structures are right 
proper. 

Here are some simple examples of 2-groupoids: 

1) If K is a group, then there is a 2-groupoid Aut(i^) with a single 0-cell, 
with 1-cells given by the automorphisms of K, and with 2-cells given by 
homotopies (aka. conjugacies) of automorphisms of K. 

2) Suppose that p : G ^ H is a surjective group homomorphism. Then there 
is a 2-groupoid p with a single 0-cell, 1-cells given by the morphisms of G, 
and there is a 2-cell 5 — > ft. if and only if p{g) — p{h). 

There are canonical morphisms of 2-groupoids 

H <^p^ Aut{K), (8) 
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The map tt is p on 1-cells, and takes a 2-cell g hto the identity on p{g) = p{h), 
whereas the map F takes a 1-cell g to conjugation by g, and takes the 2-cell 
g ^ h to conjugation by hg^^ G K. The map tt : p ^ H is also a weak 
equivalence of 2-groupoids, since the groupoid of 1-cells and 2-cells of p is the 
"Cech groupoid" associated associated to the underlying surjective function 
G H . In general, if / : X — > F is a surjective function, then the associated 
Cech groupoid has objects given by the elements of X, and a unique morphism 
a: ^ y if and only if f{x) = f{y). 

We have therefore produced a cocycle © in 2-groupoids from a short exact 
sequence 

e^K^G^H^e 

Write Ext(i7, K) for the usual groupoid of all such exact sequences. The cocycle 
construction is natural, and defines a functor 

: 'Ext{H,K) H4H,Aut{K)) 

taking values in the cocycle category H^{H, Aut{K)) in pointed 2-groupoids. 
All objects in the cocycle © have unique 0-cells, so the maps making up the 
cocycle are pointed in an obvious way. 

Theorem 12. The functor (p induces isomorphisms 

TTQEy±{H,K) ^ noH4H,Aut{K)) 9i [BH, dBAut{K)]^, 

where [ , ]* denotes morphisms in the pointed homotopy category. 
Proof. If 

H <^ Aut(if) 

is a pointed cocycle, then the base point x ^ Aq determines a 2-groupoid equiv- 
alence A{x,x) H. The cocycle F can therefore be canonically replaced by 
its restriction to A(x^ x) at the base point a;, and the 2-groupoid A{x, x) can be 
identified with a 2-groupoid arising from a surjective group homomorphism 
p : L ^ H with 2-cells consisting of pairs (5, h) such that p{g) — p{h). 
Suppose given a cocycle 

H i^p., ^ Aut(if) 

where n : p^ ^ H is determined a surjective group homomorphism p : L H 
as above. There is a group Ef{p) which is the set of equivalence classes of 
pairs (fcjx), x ^ L,k ^ K such that (k,x) ^ {k',x') if and only if p{x) = 
p{x') and k' — F{x,x')k. Recall that F{x,x') is a homotopy of the automor- 
phisms F{x), F{x') of and is therefore defined by conjugation by an element 
F{x,x') £ K. The product is defined by 

[ik,x)]-[il,y)] = [{kFixm,xy)] 
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and there is a short exact sequence 

e-^K Ef{p) -^H 

where k i-^ [(fc,e)] and [(A:, a;)] i-^ p{x). 

We have, with these constructions, described a functor 

: H^{H,Aut{K)) Ext(iJ,i^). 

One shows that the associated function ip^ on path components is the inverse 
of the function 

0, : TToExt {H,K) -> 7roiJ,(-ff, Aut(i^)). 

The homotopy category of groupoids enriched in simpUcial sets is equivalent 
to the homotopy category of simphcial sets, and this equivalence is induced by 
the universal cocycles functor W. It follows that there is a bijection 

[iJ,Aut(A')], ^ [BH,dBAut{K)]^, 

where the morphisms on the left are in the pointed homotopy category of 
groupoids enriched in simplicial sets. The set [H, Aut{K)]^ can be also iden- 
tified with morphisms in the pointed homotopy category of 2-groupoids. One 
sees this most effectively by observing that for every cocycle 

H B ^ K\it{K) 

in groupoids enriched in simplicial sets, the object B is weakly equivalent to 
its fundamental groupoid, and so the cocycle can be canonically replaced by a 
cocycle in 2-groupoids. □ 

5 Classification of gerbes 

A gerbe is a stack G which is locally path connected in the sense that the sheaf 
of path components T^oiG) is isomorphic to the terminal sheaf. Stacks are really 
just homotopy types of presheaves (or sheaves) of groupoids JHIj QDli [ili so 
one may as well say that a gerbe is a locally connected presheaf of groupoids. 

A morphism of gerbes is a morphism G ^ H oi presheaves of groupoids 
which is a weak equivalence in the sense that the induced map BG — > BH is 
a local weak equivalence of classifying simplicial sheaves. Write gerbe for the 
category of gerbes. 

Write Grp for the "presheaf" of 2-groupoids whose objects are sheaves of 
groups, 1-cells are isomorphisms of sheaves of groups, and whose 2-cells are the 
homotopies of isomorphisms of sheaves of groups. The object Grp is not really 
a presheaf of 2-groupoids because it's too big in the sense that it does not take 
values in small 2-groupoids. 

Write H{*, Grp) for the category of cocycles 

* ^ Grp 
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where ^ is a presheaf of 2-groupoids. One can sensibly discuss such a category, 
even though the object Grp is too big to be a presheaf. The category H{*, Grp) 
is not smaU, and its path components do not form a set. Similarly, the path 
components of the category of gerbes do not form a set. It is, nevertheless, 
convenient to display the relationship between these objects in the following 
statement: 

Theorem 13. There is a bijection 

7roiJ(*,Grp) ^ 7ro(gerbe). 

The proof of Theorem 1131 is a bit technical, and appears in ^5]. It is rela- 
tively easy to say, however, how to get a cocycle from a gerbe G. Write G for 
the 2-groupoid whose 0-cells and 1-cells are the objects and morphisms of G, 
respectively, and say that there is a unique 2-cell a — > /3 between any two arrows 
a, P : X ^ y. Then the canonical map G * is an equivalence. There is a map 
F{G) : G Grp which associates to x € G{U) the sheaf G(x, x) of automor- 
phisms of X on C/[/, associates to a : a; — > y the isomorphism G{x, x) — > G{y, y) 
defined by conjugation by a, and associates to a 2-cell a — > /3 the homotopy 
defined by conjugation by f3a~^. This cocycle construction effectively defines 
the function 

7ro(gerbe) 7roiJ(*, Grp). 

A generalized Grothendieck construction is used to define its inverse — the 
construction of a group from a cocycle in the proof of Theorem 1121 is a special 
case. 

One can go further: the gerbes with band L e H^{C, Out) are classified by 
cocycles in the homotopy fibre over L of a morphism of fibrant presheaves of 
2-groupoids approximating the map 

Grp ^ Out. 

Here, Out is the groupoid of outer automorphisms, or automorphisms modulo 
the homotopy relation. One can also use the same techniques to classify gerbes 
locally equivalent to a fixed gerbe G. These results are also proved in J5l . 

Remark 14. Suppose that is a sheaf. An i?-gerbe is a morphism of pre- 
sheaves of groupoids G E such that the induced map ttoG — > -E is an isomor- 
phism of sheaves. Write gerbe/£^ for the category of £^-gerbes. An i^-gerbe is 
canonically a gerbe in the category of presheaves on the site C/E fibred over 
E ^]. It follows that Theorem 1131 specializes to a homotopy classification 
statement 

M^evhe/ E) ^ TToH{E,Gvi;^) 

for i?-gerbes. 
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